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Abstract. Supersymmetricsystemsin (2/2) dimensionsintegrableby thesupersym-
metricgeneralizationof theZakharov-Shabat(dressing)methodarestudied. The
supersymmetricversionof the (soliton correlationmatrix, is usedto obtain multi-
-soliton solutions to generic supersymmetricsystemsof Zakharov-Mikhailov-
-Shabattype, togetherwith their reductionsunderfinite automorphismgroups.
The sypersymmetricS

2 sigma modelis workedout as an explicit application of
themethod.

1. INTRODUCTION

In a recent work [1], multi-soliton solutions to two dimensional integrable

systemswere studied through a new approach based upon the <<soliton correla-
tion matrix>>. This approach begins with the <<dressing method>> of Zakharov,

Mikhailov and Shabat [2, 31 (henceforth,ZMS), but brings out new geometrical

structure relating to the linearization of multi-Bdcklund transformationsand
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nonlinearsuperpositionof solitons. Combined with the reduction programme

of Mikhailov [4], this leadsto explicit multi-soliton solutions to a wide class of
problems,including all sigmamodelswith valuesin RiemannianSymmetric Spa-
ces [5], the non-Abeliantwo dimensionalToda Lattice [1 4] and the Thirring

model [6].
Numeroustwo-dimensionalmodels also admit naturalsupersymmetricexten-

sions: e.g. the sine-Gordon equation [7,8], the two-dimensionalToda Lattice

[9] and the sigmamodels[10, 12]. For the principal SU(n) sigmamodel,Mikhai-
by [11] hasshown that the supersymmetriccasemay be solvedusingonly a for-
mal modification of the ZMS techniques,althoughthe senseof <<classical>>solu-
tions involving anti-commutingfields is still subject to interpretation.It is our

purposehereto give the supersymmetricgeneralizationof the methodsdeveloped

in ref. (1,5), thereby allowing the determinationof multi-soliton solutionsto all
supersymmetricextensionsof integrablesystemsof ZMS type.

In the following section,we definethe supersymmetricZMS systemsin their
generic form,togetherwith the allowedreductions,and give the supersymmetric
form of the dressingmethod for solitons.Next, we introducethe solitoncorrela-

tion matrix (or M-matrix) formalism suitably <<supersymmetrized>>,the lineariza-
tion method and the solution in terms of both the M-matrix and the residues

defining the ZMS <<dressingmatrix>>. In the final section,the resultsareillustrat-
ed in detail by theexampleof soliton solutionsfor the supersymmetricextension

of the S2sigmamodel.
Since all the results are obtainedthrough merelyformal modificationsof the

correspondingnonsupersymmetricones,as developed in refs. (1) and (5), we

give no proofs,only indicating wheredifferencesarise.

2. SUPERSYMMETRIC ZMS SYSTEMS AND THE DRESSING METHOD

All fields will be definedon a (2/2) dimensionalsuperspaceextensionof 2-
-dimensionalMinkowski spacewith co-ordinates(~,~,0~,02), where (~,ri) are

the usual light-cone co-ordinatesand (O~02) are anti-commutingreal spinorial
co-ordinates.

For fermionic (odd-graded)componentsof super fields with matrix values,

we have the following conventions for complex-conjugation,transposeand
hermitianadjoint, respectively:

(AB)=—AB

(2.1) (AB)T=_BTAT

(AB)~=B~A~.
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The super fields themselveswill alwaysbe takenas homogenous(even or odd),
henceadmittingthe component-wiseexpansions:

(2.2) ~ =g + I 0
2g1 —i 01g2 + i 0~02G

where(g, G) are matrix-valuedcomponentfieldsof thesameparity as thematrix-
-valuedsuperfield~, and (g1,.g2)are of oppositeparity.Componentfields depend

only upon the ordinaryMinkowski spaceco-ordinates(~,~).

Invertibleevenparity superfieldsmay be expressedin the form:

(2.3) = g + i 02A1g— i 01 A2g + 1 01O2Fg

whereg(~,i~)is invertible, the inverseof~being:

(2.4) j~ =g~ —i 02g~A1+ I 01g’A2—i 0102g~{F+i[A1, A2]}.

For even or odd parity superfieldsj, the correspondingsuperfields~ ~+, ~T

are definedconsistentlywith (2.1). Whereas(0k, 02) are takenas real, complex
conjugation,accordingto (2.1) inverts orderandhence,0102= — 0102.We denote

thefermionicleft-translationderivations,following Mikhaibov [11]:

a a
D1~——i0 —

ao2
2a~

(2.5) a a
D

2ss——- +i0~ —.
ao1 ai1

With theseconventions,we have:

= — (D,~), D.(,~)T= (D~,~)T

(2.6) D1(~Y=—(D~~, D~
1=—jD~~’

= 1,2.

ThesupersymmetricZMS systemis:

D
1 i~ti = U ~

(2.7) . -.

D2 ~‘ = V i~i

where ~,fris an even, invertible matrix superfield dependingon a complex para-
meter A and { U, i~} are odd matrix superfieldswhich are meromorphicin A
with fixed poles on the Riemannsphere.The integrability conditionsfor (2.7)

are:

(2.8) D20+D1V—{U,V}=0
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where { , } denotesanti-commutation.Theserelationsmustbe satisfiedidentical-
ly in A andrepresentthe supersymmetricfield equationsunderstudy.

ExpandingU and V in components:

U = x1 + u1 01 + u,, 02 + 0102X2
(2.9)

V = ~1 + v101 + v202+ 1010202

(whereeachterm in U andin J~hasthe sameset of poles in A), eq.(2.8) is equiva-
lent to thesystem:

— + {x1~0~}=

+ [x1,v11 + ~ u1] = 0
(2.10)

—i0i~—--ix2+[xi,v2]+ [01,u2]=0

u2~+v11+i[u1,v2I+i[v1,u2]—{x1,02}—{O1,x2}=0

interpreted,again,asholding identicallyin A.

As usual, the system(2.7), (2.8) admits gaugetransformationsof the type:

(2.11) U—~fUj’+D1f7~

+ D2ff’

wheref(~,~, 0~,0~)is any invertible matrix superfield.
As in the nonsupersymmetriccase, the <<generic>> system is determinedby

the meromorphicstructureof (U, P) and the choiceof gauge.To obtaininterest-

ing reducedsystems,we require the fields to be invariant underan additional
discreteor finite groupof automorphismsof (2.7) consistingof transofrmations:

(a) ~(A)—~ ~(A)~fu[~(S’(A))]

(2.12) (b) U(A) —p U(A) = ±f~u~[U(S’(A))]f
1+ D

17f’

(c) ~(A) —+ i~(A)= ±jo~[V(S~(A))]f~+ D2f7~

uE Aut GL(n, C).

Here S is a conformal map on (F’, identified (up to sign) with an elementof

SL(2,C)

ab
(2.13) 5= ad—bc=1

cd

acting,as usual,by linearfractional transformations
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aA + b
(2.14) S:A—+

cA + d

and preservingthe singularity setsof U and V. The automorphismamay by any
of thefollowing four types:

a
1(g)=tgt’ a3(g)=tg

T_1t_1
(2.15)

a
2) = tgt~ a4(g) = tg’t’

t,g E GL(n, C)

wheret is some fixed elementof GL(n, C) and a~denotesits differential at the

identity.
The gaugetransformationfunction f in generaldependsupon (S,a) and the

choice of the final gauge. The tilde in S~(A)denotescomplex conjugationfor
casesa2 and a4 only, so that the entire transformation(2.12) is hobomorphic.
Similarly, the upperchoiceof sign±in (2.12b,c) appliesfor type a1,a3and the

lower for a2, a4 to maintain consistencywith the anti-hermitiannatureof the
fermionicderivationsD1 in (2.7).

As an illustrative example,wemay considerthe supersymmetricchiral sigma

modelsandtheir reductions.The ZMS system(2.7) for this caseis [11]:

A
D1~L’=

l+A
(2.16)

D 1=2 1—A

with integrabilityconditions:

D2A —D1B=0

(2.17) where A~(D1~)~,~~(D2j)R’

j~~(X=0).

The reduction,for example,to G~(CP+ ~‘) Grassmanniansigma-modelsis given

by theinvarianceconditions[1]

0(1/A)
(2.18) — -

0
1(A)= 0’(A)

where I,,,~= diag {+ 1 . . . + 1,— 1 . . . — i}

p n
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which is equivalentto choosing~in the form:

(2.19) ~=L~~(2P—fl).

where P is a rank p orthogonal projector. The supersymmetricreducedfield

equationsbecome:

(2.20) [D
2D1P, F] = 0.

Furtherreductionby the reality condition:

(2.21) ~(X) = ~(A)

implies thatP is a realprojector.

In particular for p = 1, representingthe rank-b projector in terms of a unit
vectorñ as P = Ii ñ T this gives the equationsof the S~supersymmetricsigma
model:

(2.22) D1D2R + (D1ñ,D2A) ~ = 0.

Expandingin componentfields:

ñ = n1 + I
8

2x1 —i
0

1x2 + i01 02n2
(2.23)
where (n1, n2) = i(x,, x2), (n1, n1) = 1, (n1,x1) = (n1, x2) = 0

givestheequivalentsystem:

x1~+ (n1~,x1) n1 + i(x,, x2) x2 = 0

(2.24) + (n~1,x2) n1 —i(x1, x2)x1 = 0

n1~+ (n11,n1~)n1 + i(n1~, x1) x1 + i(ni~,x2) x2 = 0

with n2 determinedas:

(2.25) n2=i(x,,x2)n1.

The dressingmethod of Zakharov-Mikhailov-Shabat[2, 3] proceedsexactly
as in the nonsupersymmetriccase. Namely we introduce an even superfield

<<dressingmatrix>> ~(A) which is meromorphicon CF’ with simple fixed poles
at { A1 }~~ 1’ invertibleexceptat {A1, ~.t~}41’ where { ~ } are the poles of ~ — 1(~j)

which are also assumedsimpleand fixed. If we chooseagaugesuchthat ~(oo) =

= ~~(oo) =11, we way expresstheseas:

K Q.

(2.26) (a) ~(A)=~.+~ 1

j1 A—A1
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K R.
(2.26) (b) ~‘(A)=~+ ~ I

j1

Given any solution (~,Li
0,U~,J’~)of the system (2.7), (2.8), a new solution is

generatedby the multi - Bdcklundtransformation:

~ 0
(2.27) U~—~U~’ +D1~~’~ U

V0—÷~V0
1+D

2’~V

provided the residuesuperfields{ ~, k1 } satisfy the fermionic differential equa-

tions:

D1Q1 = U(A1) Q1 —~ 4~(A1)

D2Q1 = V(A1) ~.2,—~ V0(A1)
(2.28) .. . -. -

D1R1 = U0(p1)R1 — R1 U(p1)

D2R1= V0(p1)~ —‘~ ~(~)

which assurethe preservationof the meromorphicstructureof { U~,I’~}. More-
over, for consistencywith (2.26a, b), theresidues{~, J-~} mustsatisfy thequadra-
tic constraints:

- - K RQ R1Q.
(2.29.a) Q1+R1+~ ‘ + / =0

~ A1—~.i1 ji1—A1

- - - K RQ
R~Q1=(A1_~1)[R1+~ ‘1=

i�i pi— ~

- K R.Q.
(2.29.b) = —(A~— ~i)[Q1 + ~ /

i~i i_Ill

For reducedsystemsinvariant undera group of transformationsof the type
(2.1 2) it is necessarythat the dressingmatrix ~ satisfy reduction conditionsof

the form:

(2.30) o[~(A)] f
1~(S(X))f

where f dependson the gauge of the new solution, defining reductionsof the

same form as (2.12). This implies in particular that the set of polesof ~ and
~ mustbe invariantunderthetransformationsA -* S(X).
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The introductionof the soliton correlationmatrix, which wegive in the follow-
ing section,is mainly a meansof solvingthesystem(2.28) by a suitablelineariza-

tion procedure,as well as the reductionconstraintsof type (2.30),exactlyasfor

thenon-supersymmetriccase.

3. THE SUPERSYMMETRIC SOLITON CORRELATION MATRIX

Proceedingexactlyas in refs.(1) and(5), we introducethe soliton correlation
matrix as the nK x nK dimensionalmatrixM whoseij~ (1 ~ i,j ~ K) n x n block
is:

-. 1 ( ( ~1(p)~(A)
(3.1) M..sa 4, dp4, dA

‘~ (2iri)2 J p—A

wherethe contourintegralsare aroundpathscontainingonly the polesindicated.
Without lossof generality,the only degeneraciesallowed amongpole locations

will be on thediagonal(p
1 = A1). If p1 ~ A., (3.1) reducesto

- R.Q1
(3.2) M1. =

/

and if p1 = A1, the is given by sumsover suitable bilinear combinationsof
R1’s andQ,’s, suchthat the constraintsmay equivalentlybeexpressed:

(3.3) p~Mf/—A,MlJ=—~MjkMlJ.

The residuesQ~,R, are uniquely determinedfrom M by summingover row or

column blocks:

K

(3.4)

~i =—~~~

The differential equations(2.28) are equivalentto thefermionicRiccati system:

D1M=~M—M~—MP~M
(3.5) D2M=~M—fi—~?~M

where{~~, .i~,?~} are (nK x nK) fermionic matricesdeterminedin termsof their
n xn blocks as:
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~ ~diag{U
0(p1)} ~diag{V~(p1)}

i~~diag{U0(A1)} ~diag~J’~(A1)}

-+. U0(p1)—U0(A1) ___________(3.6) r11=—
p1—Aj

if � A.

~~—U1~(A1=p1) P~~—J~’(A1 =p1)

if

The reduction conditions(2.30) are equivalentto contraintsof the following

typeon theM-matrix:
Forautomorphismsof form

id - fti%~11(fr~
1

s(Os(/)— (cp
1 + d)(cA1 + d)

For a2:

ftA~11(3~ty
1

s(i)s(f) — (cji, + d)(cX. + d)

(3.7) /
For a

3:

- —ftM,~’(ftY
1

Ms~si= (cp
1 + d)(cA1 + d)

For a4:

- —ftM~(fty’
M — — =s(j)s(i) (cii, + d)(cA1 + d)

exactly as in the nonsupersymmetric case [1, 5].
The linearizationof (3.5), as well as the proof of consistencyof the constraints

(3.3) and reduction conditions (3.7) with (3.5) are done exactly the same way as
in refs (1, 5) and the details will not be repeated here. The key observation lies in

the fact that interpreting the values of 1~as affine co-ordinateson the Grass-
mann manifold Gflk(C

2~K), the general solution to (3.5) is obtained by solving a
corresponding linear problem for a field G with values in the group GL(2nK,C):

- ~+ 0 -

(3.8) D
1G= -+ -+ G

r S
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- ~- 0 -

(3.8) D
2G= -- G

r S

whereG may betakenin block triangularform:

10
(3.9) G= - -

RS

Then M is given in termsof someconstantnK x nK dimensionalmatrix m satisfy-
ing the constraints(3.3) and the reductionconditions(3.7) (e.g., the valueof M

at somepoint, if G is normalizedto unity at that point), by thelinear fractional

transformation:

(3.10) M=Pm[Rm+SJ~*

The interpretationof the constraints(3.3) and (3.7) in moreeleganttermsrelat-
ing to the geometryof GflK(C

2~)is possible,andwe referthe readerto refs (I)
and (5) for thedetailswhich are identical for the supersymmetriccase.

The actual solution of (3.8) is accomplishedby reducingall matricesto their
Jordannormal forms,theresult being:

P = diag {~(p
1)},S = diag{~0(A1)}

R =DP—SD+diag{~1}

IL
where D.. = if A,.*p.

~‘ A1—p1. /

D11=0 if

= — i~(A~) + ~0(A1)c~ if A1 = p1

(c1 = constant)

=0 if

Finally, returning to the residues{ ~, i~} determiningthe dressingmatrix ~(A),
the solutionmay be equivalentlyrepresentedas:

‘~j=1ji~

I~i= fI~k1~

whereX~,F, H1, A~,are rectangularmatricesof maximal rank with (F,H,) deter-

mined in termsof similar constantmatrices{ j~,h,} by:

= ~
1(A

1)f =
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and(X,, K
1) by solving thelinear systems:

~.k~fs1t=fr
I ~ I I / /

F.~H.
where 1T1.= if A1*p.

/ A1—p1

if A1=p1

and F
111—0

The constraints(3.7) determiningthe reductionsmay also be expresseddirectly

in terms of {fr, I~,f~},but sincethe relationsare identical to thosein ref. (1),

we referthe readertherefor further details.

4. AN EXAMPLE: SUPER-SYMMETRIC S2 MODEL

As an illustration of the above results, considerthe system (2.22) - (2.24)
for the casewhere h takesvalues on the unit sphere S2 C JR3. In general,the

poles in ~ and ~ must occur in setsof four{A~,7~
1,1/X~,1/A1 }becauseof the

reduction conditions(2.18), (2.21). However,we may simplify to pairsof poles
by choosingthem on the unit circle I A1! = 1. Moreover,without lossof generality,
we may takethe residuesto be of rank I (sincerank I andrank2 give equivalent

solutions). It follows (cf. ref. (5)) that the multi-solitonsolutionsmaybe obtain-
ed from a given <<vacuum>> solution (~,A0,B0) of eq. (2.16) satisfying the
reductionconditions(2.18),(2.21) throughthe transformation(2.27), with ~ of

the form:

~rxfr~ ~fr
T

- %-~I ii ii(4.1) x=~1+~i + —

11LA—A1 A—A1

(4.2) where J~.= ,1i0(A1)J~,

the constant3-vectorf1 is suchthat satisfies:

(4.3) F~TP =0, = ~0(A=0) —1 - l)~~

(it being sufficient to imposethis at somearbitrary initial point) and the vectors
X, areobtainedby solvingthe linearsystem:

I j~’+j~ IPTP1

(4.4) ‘ ‘ / + ~ ‘ / I = F..
1,L A~—A1 A1—A1 ] /
*1

The <<vacuum>>solutionis of the form:
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A0=i x1(~)—O2u0(~)
(4.5) -

B0=i~2(~)+0,v0(?1)

where (iu0, iu0), (x1, x2) are mutually commuting, respectivelyevenand odd,
real anti-symmetric 3 x 3 matrices.Choosing them as constants,they may be
rotatedparallelto a fixed o (3) element,suchthat:

001

o 0 0 , v0=au0

—i 0 0

(4.6) i~1= c~u0, i~2= e~u0

where (e,, �2) are a pair of anticommuting parameters and a is a realconstant
which we choosehenceforthto be a = 1. The vacuum i~’~is, up to initial normal-

ization, determinedas:

001
0� 0�

~(A)= ]1+i —~-—~—---~-—~- 0 0 0
0 l+A 1—A

—l 0 0
(4.7)

1 0 0 cosZ 0 sinz
CE

_0102 1 2 0 0 0 0 1 0
1—A

2
0 0 1 —sinz 0 cosz

~1
(4.8) where z = — +

l+A 1—A

Thisgives:

(4.9) I~=~~(0)=(’ -l

cost/2 — sin t/2

where h
0= 0 +i/2(02�,—01e2) 0

sin t/2 cos r/2
(4.10)

1 cos t/2
——00�1e 0412 2

sin t/2

(4.11) t~+fl X~—fl.
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For the caseof a single pair of poles at A = ~ we obtain the 1 -soliton

solutionin theform (2.23),with:

A’ cch + A” s ch
(a) n

1=— A”
ch

A’ s ch — A” csh

—A’s+A”cth—(l—A’)s —

ch
2

(4.12) (b) x, = (1 —A’)sh/ch2
2

A’c+A”sth+(l—A’)c 1/c/i2

—A’s + A” c th + (1 + A’)s 1/c/i2

(c) x
2 —(1 +A’)sh/ch

2

A’c+A”sth—(l +A’)c l/ch2

where A’ = cos 0 A” = sin 0
c = cos t/2 s = sin t/2

(4.13) sh=sinha(x—ut), ch=cosha(x—vt)

th = tanha(x —Vt)

a=—— v=A’.
2 A”

This may be interpretedas the supersymmetricextensionof the 1 -soliton solu-
tion of refs (13 - 14). Indeed,if we set x

1 = = 0, (4.12) (a) gives precisely

the soliton solutionof the ordinary(non-supersymmetric)S
2a-model.Moreover,

if weapplythe supersymmetrytransformation:

(4.14) n
1—s.exp[e1~1—e2~2]n1

a a
where D1 — + i02 —

ao2
(4.15)

a a
D2~— +101 —

ae1

are the supersymmetry generators (right-translations) which anticommute with
were-obtainthe solution (4.12). Moregenerally,if we expand:
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nl = fl + fl�
1 �2

(4.16)
x,=e1x1

1+e
2x~ 1=1,2

in terms of a Grassmannalgebra with two generators,we obtain the decoupled

u-model equation for n, togetherwith a set of equationslinear in (n’, x,~ x~).
Theparticular casen’ = 0, gives againthe solution (4.12).

CONCLUSIONS

We haveseenthat all the results developedin refs. (1, 5) havean immediate
extensionto the supersymmetricversion of Z.M.S. systems,which permits us,

with very little modification, to formally obtain the multi-soliton solutions.
Unfortunately,without further generalizations,these modelstend to decouple
into a purely bosonic nonlinearsystem,togetherwith a set of linear equations

determiningthe fermionic and higher order constituents.Indeed,we haveseen
that for the detailed exampleof the supersymmetric~2 u-model,the 1 -soliton
solution could be generatedfrom its bosonic part by a supersymmetrytransfor-

mation. For the supersymmetricToda Lattice (with values in an ordinary Lie
algebra),the decouplingis complete,with the fermionssatisfyingfree field equa-

tions. This is not the casehoweverfor the moregeneralcasewhere the interac-
tions are definedby the root lattice of a superalgebra[9]. Similar generalizations
of a-modelsalso exist, with the fields taking valuesin super-symmetricspaces
[15]. It would beof considerableinterestto determinehow generalthis phenome-
non of decouplingand linearizationis, and to also extendthe presentmethodsto
the casewhere thefields takevaluesin superspaces.Furtherinterestinggeneraliza-

tions would involve supermanifoldswith extendedsupersymmetriesas well as
higherhosonicdimensions.We leavesuchconsiderationsto futurework.
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